A hitherto unnoticed feature of quantum steering is demonstrated, namely that, while entanglement is necessary for steering, higher degree of entanglement does not necessarily imply higher degree of quantum steering. This leads to the question as to what aspect of correlation entailed by the quantum state serves as the appropriate quantitative resource for steering. To this end, considering Bell-diagonal states, suitable measures of simultaneous correlations in two and three complementary bases are identified as the relevant quantitative resources for quantum steering involving two-and three-settings respectively. This means that, for steerable Bell-diagonal states, higher value of simultaneous correlations in mutually unbiased bases necessarily implies higher degree of quantum steering. [14, 19] and steering cost [20] . On the other hand, given a violation of a steering inequality, motivated by the question how much of entanglement is certified by its violation, Pusey [7] has demonstrated that amount of violation quantifies certified entanglement in terms of a lower bound to negativity which is a measure of entanglement [21, 22] . This raises an important question as to whether for steerable bipartite qubit states, a higher amount of entanglement of the quantum state necessarily guarantees a higher amount of steerability. Curiously, this quantitative aspect of inequivalence between entanglement and steering has not yet been investigated.
A hitherto unnoticed feature of quantum steering is demonstrated, namely that, while entanglement is necessary for steering, higher degree of entanglement does not necessarily imply higher degree of quantum steering. This leads to the question as to what aspect of correlation entailed by the quantum state serves as the appropriate quantitative resource for steering. To this end, considering Bell-diagonal states, suitable measures of simultaneous correlations in two and three complementary bases are identified as the relevant quantitative resources for quantum steering involving two-and three-settings respectively. This means that, for steerable Bell-diagonal states, higher value of simultaneous correlations in mutually unbiased bases necessarily implies higher degree of quantum steering. Introduction:-The idea of quantum steering, one of the fundamental nonclassical features of quantum theory, was first suggested by Schrödinger in his response paper [1] to the Einstein-Podolsky-Rosen argument [2] . This idea was formalized by Wiseman et al [3] stimulating extensive studies on quantum steering [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . Besides its foundational implications, usefulness of steerable states has been demonstrated in quantum information processing applications such as onesided device independent quantum cryptography [6] , randomness generation [16] and subchannel discrimination [12] . This gives rise to the need for identifying an appropriate quantitative measure of steering. For this purpose, several measures of quantum steering have been proposed such as steerable weight [8] , steering robustness [12] , steering fraction [17] , intrinsic steerability [18] , relative entropy of steering [14, 19] and steering cost [20] . On the other hand, given a violation of a steering inequality, motivated by the question how much of entanglement is certified by its violation, Pusey [7] has demonstrated that amount of violation quantifies certified entanglement in terms of a lower bound to negativity which is a measure of entanglement [21, 22] . This raises an important question as to whether for steerable bipartite qubit states, a higher amount of entanglement of the quantum state necessarily guarantees a higher amount of steerability. Curiously, this quantitative aspect of inequivalence between entanglement and steering has not yet been investigated.
In this work, we first probe the above mentioned question by invoking the steering measure recently proposed by Costa and Angelo (CA) [23] , which is the only steering measure shown to be amenable to a closed analytical expression for all bipartite qubit states. Our analysis is in terms of a comparative study of negativity versus steerability for both two-and three-settings involving bipartite qubit states using the specific example of Bell-diagonal states. Interestingly, this study reveals that a higher degree of entanglement does not, in general, imply a higher measure of quantum steering in a given steering scenario, giving rise to the question as to what measure of correlations inherent in the quantum state would be an appropriate quantitative resource for quantum steering.
The above mentioned question is addressed for the case of Bell-diagonal states shared between Alice and Bob by invoking the recently proposed measures of simultaneous correlations in mutually unbiased bases (SCMUB) by Guo and Wu (GW) in Ref. [24] . Considering a given measurement basis at Alice's end, correlations with respect to this basis can be quantified by the Holevo quantity [25] , which is the upper bound to the maximum accessible information Bob can obtain about outcomes of Alice's measurement. The persistence of these correlations in sets of different incompatible bases is a fundamental quantum feature, as emphasised in [24] . This feature is captured by a measure that has been quantified by choosing a set of mutually unbiased bases that optimises simultaneous correlations in each basis of the set, and this measure has been shown to be nonzero if and only if the state in question is a non-product state. Analytical expressions for this measure have also been obtained for a wide class of bipartite qubit states, including the Bell-diagonal family of states. Now, for the steering measure proposed by CA for the twosetting steering scenario, we show that there exists an analytical relationship between the measure of simultaneous correlations in two mutually unbiased bases and the CA steering measure derived using the two-settings linear steering inequality. A similarly defined measure of simultaneous correlations in three MUBs bears an analytical relationship with the corresponding steering measure in the three-setting scenario. These analytical relationships are such that for all steerable Bell-diagonal states corresponding to nonvanishing values of either steering measure, a higher value of corresponding SC-MUB necessarily implies a higher degree of quantum steering, as captured by the measures.
This letter is organized as follows. First, we briefly discuss quantum steering and explain in detail the measures of steering proposed by CA. We then show, using counterexamples, that the CA steering measures are not monotonic functions of entanglement of the state as measured by its negativity, a result which also holds good for other measures of entangle-ment such as entanglement of formation [26] and concurrence [26, 27] . Subsequently, we demonstrate that the CA steering measures are, in fact, monotonically increasing functions of measures of simultaneous correlations in MUBs for all steerable Bell diagonal states, meaning that SCMUB functions as a resource in the steering scenario. Finally, we conclude by summarising key features of the present work and mention some of the novel directions of study that our work may open up.
Quantum steering:-In a typical steering scenario, one of two spatially separated parties, say Alice, performs a set of black-box measurements (i.e., there is no assumption about the state measured and the internal working of the measurement device) to prepare conditional states for the other party Bob who in turn can perform state tomography to determine these conditional states. Bob will be convinced that Alice has indeed steered the preparation of the set of conditional states on his side if and only if the correlations between the Alice's measurement results and the set of conditional states on Bob's side cannot be explained by a local hidden state (LHS) model [3] . If Alice and Bob share a separable state, it has been established that above mentioned correlations in a steering scenario can always be explained using an LHS model [12] , thus showing that the separable states are unsteerable. A demonstration of steering then necessarily requires the presence of entanglement between the parties. Steering can also be viewed operationally within the framework of quantum information theory as the certification of entanglement in a onesided device-independent manner, as the steering scenario corresponds to one party performing untrusted measurements while the other party performs trusted measurements. On the other hand, certification of entanglement through a demonstration of Bell nonlocality [28] is fully-device-independent [29] . While steering inequalities [15, 30] analogous to Bell inequalities are used to certify the presence of steering, it needs to be noted that steering lies intermediate to entanglement and Bell nonlocality: quantum states that exhibit Bell nonlocality form a subset of EPR steerable states which, in turn, form a subset of entangled states [3, 31] .
Measure of steering proposed by Costa and Angelo (CA):-Consider the n-setting steering scenario where Alice performs n-dichotomic black-box measurements A k ∈ {−1, 1}, where k = 1, 2, 3, · · · n, and Bob performs n-qubit projective measurements B k =b k · σ along the unit directionsb k , here σ is the vector of Pauli matrices. For the specific 2-setting and 3-setting steering scenarios, Cavalcanti, Jones, Wiseman, and Reid (CJWR) [30] derived linear steering inequalities to detect steerability of two-qubit states. For the above n-setting scenario, with n arbitrary, the linear steering inequality is a sum of n bilinear expectation values and is given by:
where ρ is the given bipartite quantum state and µ refers to measurement setting of Alice and Bob. A violation of any of these inequalities certifies steering using the quantum state in the given context. CA define the following class of steerability measures that seek to quantify steerability of two-qubit states via the maximal violation of the linear steering inequalities (1):
where
and F max n = max ρ F n (ρ). It is readily seen that any S n is nonzero if and only if there is a corresponding violation of the linear steering inequality, that is, F n > 1.
For the two-and three-setting scenarios, CA further derived, for any bipartite qubit state, closed analytical expressions for the steering measures S 2 and S 3 . An explicit calculation reveals that these measures are functions of components of the correlation vector c := {c 1 , c 2 , c 3 } of the density matrix describing the quantum state, when the state is paramterised in the following manner:
where 1 1 is the 2 × 2 identity matrix and { a, b, c} ∈ R 3 are vectors with norm less than unit and a 2 + b 2 + c 2 ≤ 3. In Ref. [32] it was shown that any two-qubit state, up to local unitary transformations, can be reduced to the above form, making the parametrisation applicable to all bipartite qubit states.
Specifically, S 2 and S 3 have been evaluated to be the following:
and
respectively, where c = √ c 2 and c min = min{|c 1 |, |c 2 |, |c 3 |}. Comparison between the steering measures S 2 , S 3 and negativity for the Bell-diagonal states:-Let us now demonstrate, using counterexamples drawn from the Bell-diagonal class of states, that these measures of steering S 2 (ζ) and S 3 (ζ) are not monotonic functions of the degree of entanglement of the state, as quantified by its negativity N [21, 22] . Bell-diagonal states are of the following form:
where λ ab , with a, b ∈ {0, 1} denote the eigenvalues of the Bell-diagonal states given by
and |β ab are the corresponding eigenstates given by
For the Bell-diagonal states, negativity, as defined in Ref. [22] , has the following explicit form:
where λ max = max{λ 00 , λ 01 , λ 10 , λ 11 }.
Consider the Bell-diagonal states given by Eq. (7) with λ 00 ≥ λ 01 ≥ λ 10 ≥ λ 11 . When these states are entangled, i.e., λ 00 > 1/2, negativity is given by
For the above family of states it can be checked that |c 1 | ≥ |c 2 |, |c 3 |. Now consider the classes of states for which |c 3 | ≥ |c 2 |. Comparing Eqs. (5) and (11), it then follows that there exist states for which as S 2 (τ) increases, N(τ) decreases. To illustrate this, consider the following two families of noisy maximally entangled states that belong to the Bell-diagonal states: (i) the Bell state |β 00 mixed with the white noise given by
and (ii) the Bell state |β 00 mixed with a colored noise given by
The negativities of the above two families of states are given by N(ρ w (p)) = max{0, 3p−1 2 } and N(ρ c (p)) = p, respectively. For ρ w (6/7) and ρ c (3/4), N(ρ w (6/7)) = 0.7857 and N(ρ c (3/4)) = 0.75. On the other hand, S 2 (ρ w (6/7)) = 2.928 and S 2 (ρ c (3/4)) = 3.019. These values show that for states drawn from these two classes of states as negativity decreases the measure of steering S 2 can increase.
Similarly, one can find examples in the Bell-diagonal class of states of a nonmonotonic relationship between the steering measure in the three-setting scenario, S 3 , and negativity. To illustrate this, we compare the negativity of two states respectively drawn from two different sub-families within the Bell diagonal class -the first belongs to the noisy Bell state given by Eq. (12) and the other one is the Bell state |β 00 mixed with a colored noise state given by
which has negativity N(ρ ac (p)) = 2p − 1. Now, consider the classes of states ρ w (6/7) and ρ ac (3/4) which have negativities N(ρ w (6/7)) = 0.7857 and N(ρ c (3/4)) = 0.5 respectively. For these states, it can be checked that S 3 (ρ w (6/7)) = 0.662 and S 3 (ρ ac (3/4)) = 0.7939 showing that as negativity decreases, the measure of steering S 3 can increase.
Thus, the above analysis reveals that either of the two measures of quantum steering S 2 or S 3 is not a monotonic function of negativity for the Bell-diagonal states. This conclusion will also be valid for concurrence since it is equal to negativity for the Bell-diagonal states [27] . Further, since for all bipartite qubit states, entanglement of formation is monotonically related to concurrence [33] , it follows that, within the class of Bell-diagonal states, our result that entanglement is not a monotonic function of the steering measures holds good for all these three measures of entanglement. On the other hand, we now proceed to demonstrate that the measures of quantum steering S 2 and S 3 turn out to be monotonic functions of the measures of simultaneous correlations in two and three mutually unbiased bases respectively, as long as the underlying steering inequality is violated.
Measures of simultaneous correlations in MUBs:-Two sets of complete bases, say {|a Physically, this can be interpreted in the following way: Suppose the observer is provided a system in one of the basis kets, say |a m 1 , and measurement is performed given by projectors {Π n = |a Here we may note that classical information about a system essentially consists of correlations in compatible properties of the system, while simultaneous existence of correlations in properties that are mutually incompatible is a fundamentally quantum feature. It is this idea that has been used to propose a series of measures [24, 34] that seek to capture correlations that are essentially quantum, by postulating that simultaneous correlations in a series of MUBs must represent quantum mechanical correlations. To illustrate this most simply, we examine now simultaneous correlations in pairs of MUBs. To this end, we denote by Ω the set of all pairs of bases that are mutually unbiased with each other, that is to say:
We explicitly quantify correlations with respect to the measurement basis used by Alice in terms of the maximum accessible information Bob can gain about Alice's outcomes, when she performs projective measurement (given by say {|i i|}) on her particle). The probability of the i-th outcome of the measurement is given by p i = tr (ρ ab |i i| ⊗ I) and Bob's corresponding reduced state is ρ i b = tr a (|i i| ⊗ Iρ ab ). The maximum accessible information is bounded by the Holevo quantity, defined as χ(ρ ab , |i i|) = χ(p i , ρ
, which is interpreted as a measure of correlations for the quantum system in question in the given basis [35] . With this understanding, one can now define the quantity C 2 as the maximum amount of simultaneous correlations that exist in any given pair of mutually unbiased bases, that is:
where Π a i represents the basis of measurement on Alice's local Hilbert space. This definition can be easily generalised by taking more than two bases at a time. For a bipartite quantum state ρ ab with the local Hilbert space dimension on Alice's side being d a , one can define quantity as in Eq. (16) with m mutually unbiased bases, here 3 ≤ m ≤ d a + 1. Therefore for d a = 2, the measure of simultaneous correlations in mutually unbiased bases defined as in Eq. (16) cannot be generalised with more than three bases since for qubit systems there cannot be more than three mutually unbiased bases. Just like the C 2 quantity, one can define C 3 as the following: (17) where the set of all triads of mutually unbiased bases on Alice's Hilbert space is denoted by Λ.
Thus, having defined appropriate measures of simultaneous correlation in incompatible bases, we will now derive our central result showing explicit analytical relationship between steering measures and measures of simultaneous correlations in the two-and three-setting steering scenarios.
Relating steering measures and measures of complementary correlations:-For the Bell-diagonal family of states, the measure in two mutually unbiased bases of simultaneous correlations C 2 has been evaluated to be the following [24] :
Using Eqs. (5) and (18), it is easy to see that C 2 (τ) and F 2 (τ) are related to each other as follows:
It then follows from the definition of steering measure S n (Eq. (2)) that as long as there is a violation of the steering inequality in the two-setting scenario, i.e. F 2 > 1, S 2 is a monotonically increasing function of simultaneous correlations in two mutually unbiased bases C 2 for the Bell-diagonal states. Similarly, for the three mutually unbiased bases, the measure of simultaneous correlations C 3 (defined by Eq. (17)) for the Bell-diagonal states has been found to be [24] :
Then the following relationship can be easily obtained using Eqs. (6) and (20):
The above Eq. (21), in conjunction with the definition of S n in Eq. (2), implies that for the Bell-diagonal states, the measure of steering S 3 (τ) is an analytical function of the measure of simultaneous correlations in three mutually unbiased bases C 3 (τ), and is strictly increasing in the region S 3 > 0 (i.e., F 3 > 1 that corresponds to violation of the three-setting steering inequality). Note that our demonstration of this analytical relationship between steering measures S 2 and S 3 and SCMUB measures C 2 and C 3 respectively, has been only for Bell-diagonal states, and a natural line of further enquiry would be look for a similar relationship in the context of any general bipartite qubit state.
Concluding remarks:-In conclusion, let us first summarize the key features of this work. We find that the measures of steering proposed in Ref. [23] based on linear steering inequalities are not monotonically related to any of the three measures of entanglement, namely, concurrence, negativity and entanglement of formation. This, therefore, shows that entanglement is not an appropriate quantitative resource for steering, even though it is necessary to ensure steerability of states.
Next, we identify an appropriate quantitative resource for quantum steering by demonstrating that for the Bell-diagonal two-qubit states, the steering quantifier proposed in Ref. [23] is analytically and monotonically related to the degree of simultaneous correlations in mutually unbiased bases as quantified by C 2 and C 3 in the two setting-and three-setting scenario respectively. Such a quantitative relationship reinforces the link between measurement incompatibility and steering that has been indicated through a one-to-one correspondence between the mutual incompatibility of Alice's measurements and whether Bob's state can be steered by Alice [10, 11] . The importance of such a connection between steering and measurement incompatibility has also been suggested through construction of measures of steering based on measurement incompatibility [36] . Further, the steering measure constructed in this way was found to provide a lower bound to the corresponding measure of measurement incompatibility [37] .
The identification made in this paper of what aspect of correlations embodied in the bipartite quantum state quantifies quantum steering can thus play a key role in facilitating exploration of its foundational implications (such as a reexamination of the link between measurement incompatibility and steering) as well as its applications in quantum information processing, the potentiality of which can be studied through appropriate examples such as the subchannel discrimination problem which refers to discrimination of the branches in a quantum evolution -it has been shown that what is defined as steering robustness quantifies quantum advantage for the task of subchannel discrimination using steerable states [12] . In light of our present work, it should be interesting to study the relationship between steering robustness and simultaneous correlations in complementary bases. Similarly, the link between steering and one-sided device independent quantum key distribution, as pointed out by Branciard et al [6] , may also enable identification of the appropriate resource in such quantum cryptographic protocols by taking into account the results of our paper.
Finally, it needs to be noted that although the steering quantifiers S n with n = 2, 3 have closed analytic forms for all bipartite qubit states, it should be worthwhile to examine their validity in the wider context of the resource theory of steering [14] . Explicitly, this would entail studying whether these measures are non-increasing with respect to the allowed operations (local operations assisted by one-way classical communications from the trusted side to the black-box side) in the steering scenario. Such an investigation would help to bring out the foundational implications of steering measures S n as resource, and thereby through our work, that of simultaneous correlations in mutually unbiased bases.
